Good and asymptotically good quantum codes derived from algebraic
  geometry codes by La Guardia, Giuliano Gadioli & Pereira, Francisco Revson F.
ar
X
iv
:1
61
2.
07
15
0v
2 
 [q
ua
nt-
ph
]  
5 M
ay
 20
17
Good and asymptotically good quantum codes
derived from algebraic geometry
Giuliano G. La Guardia, Francisco Revson F. Pereira ∗
September 3, 2018
Abstract
In this paper, we construct several new families of quantum codes
with good parameters. These new quantum codes are derived from (clas-
sical) t-point (t ≥ 1) algebraic geometry (AG) codes by applying the
Calderbank-Shor-Steane (CSS) construction. More precisely, we construct
two classical AG codes C1 and C2 such that C1 ⊂ C2, applying after the
well-known CSS construction to C1 and C2. Many of these new codes have
large minimum distances when compared with their code lengths as well
as they also have small Singleton defects. As an example, we construct
a family [[46, 2(t2 − t1), d]]25 of quantum codes, where t1, t2 are positive
integers such that 1 < t1 < t2 < 23 and d ≥ min{46 − 2t2, 2t1 − 2}, of
length n = 46, with minimum distance in the range 2 ≤ d ≤ 20, having
Singleton defect at most four. Additionally, by applying the CSS con-
struction to sequences of t-point (classical) AG codes constructed in this
paper, we generate sequences of asymptotically good quantum codes.
1 Introduction
Methods and techniques of constructing quantum codes with good parameters
are extensively investigated in the literature [24, 3, 25, 4, 5, 13, 1, 15, 16, 12,
17, 18, 19, 11, 21]. Many of these works [3, 13, 1, 16, 12, 19] were performed
by applying one (or all) of the following techniques: 1) the well-known CSS
construction based on (classical linear) Euclidean self-orthogonal codes or even
based on two (classical linear) nested codes [3, 13, 1, 12, 19]; 2) the Hermitian
construction applied to (classical linear) Hermitian self-orthogonal codes [3, 13,
1, 16, 12, 19, 11]; 3) the Steane’s enlargement of CSS construction applied
to linear Euclidean self-orthogonal codes [24, 25, 15, 19]. In particular, the
CSS construction was also utilized in chains of nested classical linear codes to
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construct quantum codes whose parameters are asymptotically good [2, 4, 5,
20, 14]. All these latter asymptotically good quantum codes were constructed
by applying the CSS construction to families of AG codes. In fact, the class
of AG codes is a good source to obtain asymptotically good codes (see for
example [7, 26]). In Refs. [2, 4, 5, 20], the authors constructed asymptotically
good binary quantum codes and, in Ref. [14], the authors presented families
of nonbinary asymptotically good quantum codes by means of one-point AG
codes.
In this paper, we construct (classical) t-point (t ≥ 1) AG codes (which are
a generalization of one-point AG codes) as well as AG codes whose divisor G is
not a rational place, after applying the CSS construction to these codes, in order
to generate nonbinary quantum codes with good parameters. Additionally, we
also construct sequences of (classical) t-point AG codes to obtain sequences of
asymptotically good quantum codes by means of the CSS construction. These
new constructions presented here are natural generalizations of the works dealing
with constructions of quantum codes derived from one-point AG codes (see for
example [2, 4, 5, 20]).
The paper is arranged as follows. In Section 2, we recall the concepts utilized
in this work. Section 3 deals with the contributions of this paper, i.e., construc-
tions of quantum codes with good and asymptotically good parameters derived
from classical AG codes. In Section 4, we compare the new code parameters
with the ones shown in the literature and, in Section 5, we give a summary of
this work.
2 Preliminaries
2.1 Algebraic geometry codes
In this subsection we recall the concept of algebraic geometry codes as well as
results that will be utilized in our constructions. Since this topic of research is
not so common, we present it with more details. More results concerning such
codes can be found in [27, 23]. We follow the notation of [27].
The theory of algebraic geometry codes was introduced by Goppa in his
seminal work [8]. Let Fq be the finite field with q elements, where q is a prime
power and let F/Fq be an algebraic function field of genus g. We denote by PF
the set of places of F/Fq and by DF the (free) group of divisors of F/Fq. For each
x ∈ F/Fq, the principal divisor (x) of x is defined by (x) :=
∑
P
vP (x)P , where
vP is the discrete valuation corresponding to the place P . Let A be a divisor of
F/Fq. Then we define l(A) := dimL(A), where L(A) is the Riemann-Roch space
associated to A, given by L(A) := {x ∈ F | (x) ≥ −A} ∪ {0}. Let ΩF be the
differential space of F/Fq, i.e., ΩF := {w | w is a Weil differential of F/Fq}.
For every nonzero differential w, we denote its canonical divisor by (w) :=∑
P
vP (w)P , where vP (w) := vP ((w)). A divisor W is called canonical if W =
2
(w) for some w ∈ ΩF .
Theorem 2.1 (Riemann-Roch)(Thm. 1.5.15 of [27]) Let W be a canonical di-
visor of F/Fq. Then, for each divisor A ∈ DF , the dimension of L(A) is given
by l(A) = degA+ 1− g + dim(W −A).
In what follows, we assume that P1, . . . , Pn are pairwise distinct places of
F/Fq of degree 1, and D = P1+ . . .+Pn is a divisor. Let G be a divisor of F/Fq
such that suppG∩suppD = ∅. The geometric Goppa code CL(D,G) associated
with D and G is defined by CL(D,G) := {(x(P1), . . . , x(Pn))|x ∈ L(G)} ⊆ Fnq .
Theorem 2.2 (Thm. 2.2.2./Cor.2.2.3 of [27]) Under the hypotheses above, CL(D,G)
is an [n, k, d]q code with k = l(G) − l(G −D) and d ≥ n− degG. In addition,
if 2g − 2 < degG < n, then one has k = degG+ 1− g.
Let D and G as above. We define the code CΩ(D,G) ⊆ Fnq by CΩ(D,G) :=
{(respP1(w), . . . , respPn(w))|w ∈ ΩF (G − D)}, where respPi(w) denotes the
residue of w at Pi.
Theorem 2.3 (Thm. 2.2.7. of [27]) If 2g − 2 < degG < n, then CΩ(D,G) is
an [n, k∗, d∗]q code, with k
∗ = n+ g − 1− degG and d∗ ≥ degG− (2g − 2).
Theorem 2.4 (Thm. 2.2.8. of [27]) The codes CL(D,G) and CΩ(D,G) are
(Euclidean) dual of each other, i.e., CΩ(D,G) = CL(D,G)
⊥.
2.2 Quantum codes
In this subsection, we recall some necessary concepts concerning quantum codes
and also the CSS code construction. For more details on quantum coding theory,
we refer the reader to [22, 3] in the case of the binary or quaternary alphabet,
and the paper [13] in the general case of nonbinary alphabets.
Recall that a q-ary quantum code Q of length n is a K-dimensional subspace
of the qn-dimensional Hilbert space (Cq)⊗n, where ⊗n denotes the tensor prod-
uct of vector spaces. If K = qk we write [[n, k, d]]q to denote a q-ary quantum
code of length n and minimum distance d. Let [[n, k, d]]q be a quantum code.
The quantum Singleton bound (QSB) asserts that k+2d ≤ n+2. If the equality
holds then the code is called a maximum distance separable (MDS) code.
Lemma 2.5 [22, 3, 13](CSS construction) Let C1 and C2 denote two classical
linear codes with parameters [n, k1, d1]q and [n, k2, d2]q, respectively, such that
C1 ⊂ C2. Then there exists an [[n, k = k2 − k1, d]]q quantum code, where d =
min{wt(c)|c ∈ (C2\C1) ∪ (C⊥1 \C⊥2 )}.
3 The New Codes
This section is divided into three parts. The first subsection deals with con-
structions of quantum t-point algebraic geometry codes. In the second one, we
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construct AG codes where the divisor G is a sum of non-rational places and, in
the third subsection, we construct sequences of asymptotically good quantum
AG codes.
3.1 Construction I
In this section we present the contributions of this work. The first result utilizes
two t-point AG codes, where t ≥ 1, in order to derive quantum codes with good
parameters.
Theorem 3.1 (General t-point construction, t ≥ 1) Let q be a prime power and
F/Fq be an algebraic function field of genus g, with n + t pairwise distinct
rational places. Assume that ai, bi, i = 1, . . . , t, are positive integers such that
ai ≤ bi for all i, and 2g − 2 <
t∑
i=1
ai <
t∑
i=1
bi < n. Then there exists a
quantum code with parameters [[n, k, d]]q, with k =
t∑
i=1
bi −
t∑
i=1
ai and d ≥
min
{
n−
t∑
i=1
bi,
t∑
i=1
ai − (2g − 2)
}
.
Proof: Let {P1, P2, . . . , Pn, Pn+1, . . . , Pn+t} be the set of places of F/Fq of degree
one. Let D = P1 + . . . + Pn be a divisor of F/Fq. Assume also that G1
and G2 are two divisors of F/Fq given, respectively, by G1 = a1Pn+1 + . . . +
atPn+t and G2 = b1Pn+1 + . . . + btPn+t, where ai ≤ bi for all i = 1, . . . , t
and 2g − 2 <
t∑
i=1
ai <
t∑
i=1
bi < n. From construction, suppG1 ∩ suppD = ∅
and suppG2 ∩ suppD = ∅. Since G1 ≤ G2, one has L(G1) ⊂ L(G2); so
CL(D,G1) ⊂ CL(D,G2). From Theorem 2.2, the code C1 := CL(D,G1) has
parameters [n, k1, d1]q, where d1 ≥ n −
t∑
i=1
ai and k1 =
t∑
i=1
ai − g + 1; the
code C2 := CL(D,G2) has parameters [n, k2, d2]q, where d2 ≥ n −
t∑
i=1
bi and
k2 =
t∑
i=1
bi−g+1. On the other hand, from Theorems 2.3 and 2.4, the dual code
C⊥1 = CΩ(D,G1) of C1 has parameters [n, k
⊥
1 , d
⊥
1 ]q, where d
⊥
1 ≥
t∑
i=1
ai−(2g−2)
and k⊥1 = n+g−1−
t∑
i=1
ai; the dual code C
⊥
2 = CΩ(D,G2) of C2 has parameters
[n, k⊥2 , d
⊥
2 ]q, with d
⊥
2 ≥
t∑
i=1
bi − (2g − 2) and k⊥2 = n+ g − 1−
t∑
i=1
bi.
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Applying the CSS construction to the codes C1 and C2, we obtain a quan-
tum code with parameters [[n, k, d]]q, with k = k2 − k1 = (
t∑
i=1
bi − g + 1) −
(
t∑
i=1
ai − g + 1) =
t∑
i=1
bi −
t∑
i=1
ai and d ≥ min{d2, d⊥1 }, where d2 ≥ n −
t∑
i=1
bi
and d⊥1 ≥
t∑
i=1
ai − (2g − 2). The proof is complete. 
Remark 3.2 In [5, 14], the authors utilized one-point AG codes to construct
good/(asymptotically good) quantum codes. In [4], the author applied two-point
AG codes to derive good/(asymptotically good) quantum codes. Note that, in
this context, Theorem 3.1 is a natural generalization of the one-point as well as
two-point AG code construction to the t-point (t ≥ 1) AG code construction.
Corollary 3.3 (One-Point codes) There exists a quantum code with parameters
[[q(1+(q−1)m), b−a, d]]q2 , where (q−1)(m−1)−2 < a < b < q(1+(q−1)m),
m|(q + 1) and d ≥ min{q(1 + (q − 1)m)− b, a− (q − 1)(m− 1) + 2}.
Proof: Let F = Fq2(x, y), where y
q + y = xm and m|(q + 1). It is known that
the genus of F is equal to g = (q − 1)(m − 1)/2, and the number of places
of degree one is N = 1 + q(1 + (q − 1)m) (see Example 6.4.2. of [27]). Let
{P1, P2, . . . , Pn, Pn+1, . . . , PN} be these pairwise distinct places. Without loss
of generality, choose the Fq2 -rational point PN . Let D = P1 + . . . + PN−1
be a divisor and let G1 = aPN and G2 = bPN other two divisors such that
suppG1 ∩ suppD = ∅ and suppG2 ∩ suppD = ∅, where (q − 1)(m − 1) − 2 <
a < b < q(1 + (q − 1)m). From Theorem 3.1, there exists a quantum code with
parameters [[q(1 + (q − 1)m), b− a, d]]q2 , where d ≥ min{q(1+(q−1)m)−b, a−
(q − 1)(m− 1) + 2}. The proof is complete. 
Remark 3.4 Note that the Hermitian curve defined as yq + y = xq+1, over
Fq2 , is a particular case of the curve y
q + y = xm, considered in the proof of
Corollary 3.3.
Corollary 3.5 (Two-Point codes) There exists a quantum code with parameters
[[q(1 + (q − 1)m) − 1, b1 + b2 − a1 − a2, d]]q2 , where ai ≤ bi for i = 1, 2, (q −
1)(m − 1) − 2 < a1 + a2 < b1 + b2 < q[1 + (q − 1)m] − 1, m|(q + 1) and
d ≥ min{q[1 + (q − 1)m]− b1 − b2 − 1, a1 + a2 − (q − 1)(m− 1) + 2}.
Proof: Let D = P1 + . . . + PN−2 be a divisor and let G1 = a1PN−2 + a2PN−1
and G2 = b1PN−2 + b2PN−1 be other two divisors with suppG1 ∩ suppD = ∅
and suppG2 ∩ suppD = ∅, where (q − 1)(m − 1) − 2 < a1 + a2 < b1 + b2 <
q(1 + (q − 1)m) − 1. From Theorem 3.1, there exists a quantum code with
parameters [[q(1 + (q − 1)m)− 1, b1 + b2 − a1 − a2, d]]q2 , where d ≥ min{q(1 +
(q − 1)m)− 1− b1 − b2, a1 + a2 − (q − 1)(m− 1) + 2}. 
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Corollary 3.6 (t-Point codes, t ≥ 2) There exists a quantum code with parame-
ters [[q(1+(q−1)m)− t+1, b1+ . . .+ bt− (a1+ . . .+at), d]]q2 , where ai ≤ bi for
i = 1, . . . t, (q−1)(m−1)−2 < a1+. . .+at < b1+. . .+bt < q(1+(q−1)m)−t+1,
m|(q + 1) and d ≥ min{q(1 + (q − 1)m)− (b1 + . . .+ bt)− t+ 1, a1 + . . .+ at −
(q − 1)(m− 1) + 2}.
Proof: Similar to that of Corollary 3.5. 
3.2 Construction II
In this section we deal with constructions of quantum codes derived from AG
codes whose divisors are multiples of a non rational divisor G. The first result
is given in the following.
Theorem 3.7 (General construction) Let q be a prime power and let F/Fq be an
algebraic function field of genus g, with n pairwise distinct rational places Pi, i =
1, . . . , n. Assume that there exist pairwise distinct places Q1, . . . , Qt of F/Fq,
of degree αi ≥ 2, respectively, i = 1, . . . , t, where t ≥ 1. Let G1 =
t∑
i=1
aiQi and
G2 =
t∑
i=1
biQi, where ai ≤ bi, for all i = 1, . . . , t, and 2g−2 < a1α1+. . .+atαt <
b1α1+ . . .+ btαt < n. Let D = P1+ . . .+Pn be a divisor of F/Fq, and consider
that suppG1 ∩ suppD = ∅ and suppG2 ∩ suppD = ∅. Then there exists a
quantum code with parameters [[n, k, d]]q, where k = (b1−a1)α1+. . .+(bt−at)αt
and d ≥ min{n− (b1α1 + . . .+ btαt), (a1α1 + . . .+ atαt)− (2g − 2)}.
Proof: The proof is similar to that of Theorem 3.1. 
Corollary 3.8 Let q be a prime power and let F/Fq be a hyperelliptic function
field of genus g ≥ 2, with n pairwise distinct rational places. Then there ex-
ists a quantum code with parameters [[n, 2(t2 − t1), d]]q, where t1, t2 are positive
integers such that 2g − 2 < t1 < t2 < n and d ≥ min{n− 2t2, 2t1 − 2g + 2}.
Proof: Since F is a hyperelliptic function field then there exists a place G of
degree two (see Lemma 6.2.2.(a) of [27]). Let D = P1 + . . . + Pn be a divisor,
where Pi are all rational points of F . Let G2 = t2G and G1 = t1G, where
2g−2 < 2t1 < 2t2 < n. We know that suppG1∩suppD = ∅, suppG2∩suppD =
∅ and CL(D,G1) ⊂ CL(D,G2). From Theorem 2.2, the code C1 := CL(D,G1)
has parameters [n, k1, d1]q, where d1 ≥ n − 2t1 and k1 = 2t1 − g + 1. The
code C2 := CL(D,G2) has parameters [n, k2, d2]q, where d2 ≥ n − 2t2 and
k2 = 2t2 − g + 1.
From Theorems 2.3 and 2.4, the dual code C⊥1 = CΩ(D,G1) of C1 has
parameters [n, k⊥1 , d
⊥
1 ]q, where d
⊥
1 ≥ 2t1 − (2g − 2) and k⊥1 = n + g − 1 − 2t1.
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Similarly, the dual code C⊥2 = CΩ(D,G2) of C2 has parameters [n, k
⊥
2 , d
⊥
2 ]q,
where d⊥2 ≥ 2t2 − (2g − 2) and k⊥2 = n+ g − 1− 2t2.
Applying the CSS construction to the codes C1 and C2, we obtain an
[[n, k, d]]q quantum code, with k = k2−k1 = (2t2−g+1)−(2t1−g+1) = 2(t2−t1)
and d ≥ min{d2, d⊥1 }, where d2 ≥ n − 2t2 and d⊥1 ≥ 2t1 − (2g − 2). Thus, the
result follows. 
Corollary 3.9 There exists a quantum code with parameters [[46, 2(t2 − t1), d]]25,
where t1, t2 are positive integers such that 1 < t1 < t2 < 23 and d ≥ min{46−
2t2, 2t1 − 2}.
Proof: Let us consider the function field F = Fq2(x, y) with y
q + y = xm and
m|(q + 1); take m = 2 and q = 5. As the genus of F is g = 2, then F is a
hyperelliptic function field (see Lemma 6.2.2.(b) of [27]), and the result follows
from Corollary 3.8. 
3.3 Construction III
In this subsection, we propose constructions of sequences of asymptotically good
quantum codes derived from AG codes.
Recall that a tower of function fields (see Def. 1.3 of [7]) over Fq is a sequence
T = (F1, F2, . . .) of function fields Fi/Fq with the following properties:
(1) F1 ⊆ F2 ⊆ F3 · · · .
(2) For each n ≥ 1, the extension Fn+1/Fn is separable of degree [Fn+1 :
Fn] > 1.
(3) g(Fj) > 1, for some j > 1.
By the Hurwitz genus formula, the condition (3) implies that g(Fn) → ∞
for n→∞. The tower is said to be asymptotically good if λ(T ) = lim supi→∞
N(Fi)/g(Fi) > 0, where N(Fi) and g(Fi) denote the number of Fq-rational
points and the genus of Fi, respectively. In the case of tower of function field
one can replace lim supi→∞N(Fi)/g(Fi) by limi→∞N(Fi)/g(Fi), because the
sequence (N(Fi)/g(Fi))i≥1 is convergent. We say that the tower T (over Fq)
attains the Drinfeld-Vladut bound if λ(T ) = lim supi→∞N(Fi)/g(Fi) =
√
q−1.
To simplify the notation we put N(Fi) = Ni and g(Fi) = gi.
Let (Qi)i≥1 be a sequence of quantum codes over Fq with parameters [[ni, ki,
di]]q, respectively. We say that (Qi)i≥1 is asymptotically good if lim supi→∞ki/ni
> 0 and lim supi→∞di/ni > 0. The next result shows how to construct asymp-
totically good quantum codes derived from (classical) two-point AG codes.
Theorem 3.10 (Two-point asymptotically good codes) Assume that the tower
T = (F1, F2, . . .) of function fields over Fq attains the Drinfeld-Vladut bound.
Then there exists a sequence (Qi)i≥1 of asymptotically good quantum codes, over
Fq, derived from classical two-point AG codes.
7
Proof: For each Fi, let us consider the set of rational places P1(i), . . . , PNi−2(i),
PNi−1(i), PNi(i) of Fi. We set the divisorsD(i) = P1(i)+. . .+PNi−2(i), G1(i) =
a1(i)PNi−1(i) + a2(i)PNi(i) and G2(i) = b1(i)PNi−1(i) + b2(i)PNi(i), where
a1(i) ≤ b1(i) and a2(i) ≤ b2(i), with 2gi−2 < a1(i)+a2(i) < b1(i)+b2(i) < Ni−
2. Let C1(i) := CL(i)[D(i), G1(i)] and C2(i) := CL(i)[D(i), G2(i)] be the two-
point AG codes, over Fq, corresponding to G1(i) and G2(i), respectively; thus
C1(i) ⊂ C2(i). The code C1(i) has parameters [Ni−2, a1(i)+a2(i)−gi+1, d1(i)]q,
where d1(i) ≥ Ni − 2 − (a1(i) + a2(i)); the code C2(i) has parameters [Ni −
2, b1(i)+ b2(i)− gi+1, d2(i)]q, where d2(i) ≥ Ni− 2− (b1(i)+ b2(i)). The corre-
sponding CSS code has parameters [[Ni − 2,Ki = b1(i) + b2(i)− (a1(i) + a2(i)), Di]]q,
where Di ≥ min{Ni − 2 − (b1(i) + b2(i)), a1(i) + a2(i) − (2gi − 2)}. We know
that the Ki’s assume all the values from 1 to Ni − 2gi − 2, i.e., 0 < Ki ≤
Ni − 2gi − 2. For any such Ki we set b1(i) + b2(i) = ⌊(Ni + 2gi +Ki − 4)/2⌋;
thus it follows that Ni − 2 − (b1(i) + b2(i)) ≥ a1(i) + a2(i) − (2gi − 2), where
a1(i) + a2(i) − (2gi − 2) ≥ (Ni − Ki − 2gi − 1)/2. The sequence of positive
integers (Ki)i≥1 satisfies 0 < lim supi→∞
Ki
Ni−2
≤ lim supi→∞Ni/(Ni − 2) −
lim supi→∞2gi/(Ni − 2) + lim supi→∞ − 2/(Ni − 2) = 1 − 2/(
√
q − 1), where
in the last equality we use the fact that lim supi→∞Ni/gi =
√
q − 1. For each
0 < c < 1 − 2/(√q − 1), we can choose convenient values for Ki such that
limi→∞Ki/Ni = c. Thus, lim supi→∞Ki/(Ni − 2) = c > 0. Moreover one has
lim supi→∞(Ni−Ki−2gi−1)/2(Ni−2) = 1/2
[
1− 2/(√q − 1)− c] > 0. There-
fore, there exists a sequence (Qi)i≥1 of asymptotically good quantum codes over
Fq. The proof is complete. 
Remark 3.11 Since several works available in the literature already presented
constructions of asymptotically good quantum codes derived from one-point AG
codes (see [2, 4, 5]), we do not present such constructions in this paper.
Theorem 3.12 (t-point asymptotically good codes) Assume that the tower T =
(F1, F2, . . .) of function fields over Fq attains the Drinfeld-Vladut bound. Then
there exists a sequence (Qi)i≥1 of asymptotically good quantum codes, over Fq,
derived from classical t-point AG codes.
Proof: We adopt the same notation as in the proof of Theorem 3.10. For each Fi,
let us consider the set of rational places P1(i), . . . , Pni(i), Pni+1(i), . . . , Pni+t(i)
of Fi, where Ni = ni+t. Set D(i) = P1(i)+ . . .+Pni(i), G1(i) = a1(i)Pni+1(i)+
. . .+at(i)Pni+t(i) and G2(i) = b1(i)Pni+1(i)+ . . .+ bt(i)Pni+t(i), where aj(i) ≤
bj(i) for all j = 1, . . . , t, with 2gi − 2 <
t∑
j=1
aj(i) <
t∑
j=1
bj(i) < Ni − t. Let
us consider the t-point AG codes C1(i) := CL(i)[D(i), G1(i)] and C2(i) :=
CL(i)[D(i), G2(i)]. It follows that C1(i) ⊂ C2(i), and C1(i) has parameters
Ni − t, t∑
j=1
aj(i)− gi + 1, d1(i)


q
, where d1(i) ≥ Ni − t −
t∑
j=1
aj(i). More-
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over, C2(i) has parameters

Ni − t, t∑
j=1
bj(i)− gi + 1, d2(i)


q
, where d2(i) ≥
Ni − t−
t∑
j=1
bj(i).
Setting
t∑
j=1
bj(i) = ⌊(Ni + 2gi +Ki − t− 2)/2⌋ and proceeding similar as in
the proof of Theorem 3.10, the result follows. 
Let q be a prime power and C = [n, k, d]qm be a linear code over Fqm . Let
β be a basis of Fqm over Fq and assume also that β
⊥ is a dual basis of β. Let
C⊥ be the Euclidean dual of C. Then one has [β(C)]
⊥
= β⊥(C⊥) (see [9, 17]).
Theorem 3.13 For any prime p, there exists a sequence (Qi)i≥1 of asymptoti-
cally good quantum codes over Fp.
Proof: Let q2 = p2r, p prime. Let us consider the tower of function fields
T = (F1, F2, . . .) over Fq2 , shown in [7], defined by Ft = Fq2(x1, . . . , xt), where
xqi+1+xi+1 = x
q
i /(x
q−1
i +1), for i = 1, . . . t−1. This tower attains the Drinfeld-
Vladut bound. We next expand the codes C1(i) and C2(i), shown in the proof
of Theorem 3.10, with respect to some basis β of Fq2 over Fp. Thus, we
obtain codes β(C1(i)) and β(C2(i)), both over Fp, with parameters [2r(Ni −
2), 2r(a1(i) + a2(i)− gi + 1),≥ d∗1(i)]p, where d∗1(i) ≥ d1(i) ≥ Ni − 2− (a1(i) +
a2(i)), and [2r(Ni − 2), 2r(b1(i) + b2(i)− gi + 1), d∗2(i)]p, where d∗2(i) ≥ d2(i) ≥
Ni− 2− (b1(i)+ b2(i)), respectively. Because β(C1(i)) ⊂ β(C2(i)), we apply the
CSS construction to these codes, obtaining therefore an [[2r(Ni − 2), 2rKi, Di]]p
quantum code, where Di ≥ min{Ni−2− (b1(i)+b2(i)), a1(i)+a2(i)− (2gi−2)}
(note that since [β(C1(i))]
⊥
= β⊥(C1(i))
⊥
, then the minimum distance of
[β(C1(i))]
⊥
is at least a1(i) + a2(i)− (2gi − 2)). Proceeding similarly as in the
proof of Theorem 3.10, we get Ni−2−(b1(i)+b2(i)) ≥ a1(i)+a2(i)−(2gi−2) ≥
(Ni −Ki − 2gi + 1)/2. Consequently, one has lim supi→∞2rKi/2r(Ni − 2) > 0
and lim supi→∞(Ni −Ki − 2gi + 1)/4r(Ni − 2) = 1/4r [1− 2/(pr − 1)− c] > 0,
as desired. 
Remark 3.14 Although the proofs of Theorems 3.10 and 3.13 are similar to the
proofs of the corresponding results shown in references [5, 14], in the present
paper we utilize t-point (t ≥ 2) AG codes, whereas in such references, the au-
thors utilized only one-point AG codes to perform their constructions. Another
difference is that in [5, 14], the authors utilized the technique of code concatena-
tion to obtain (quantum) codes over prime fields; here, we utilize the technique
of code expansion.
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4 Examples and Code Comparison
In Tables 1, 2 and 3, we exhibit some new quantum codes derived from Corol-
laries 3.3, 3.5 and 3.9, respectively. In these tables, q is a prime power and
a, b, a1, a2, b1, b2, t1, t2,m are positive integers satisfying some conditions. More
precisely: in Table 1, we consider that (q − 1)(m − 1) − 2 < a < b, b <
q(1 + (q − 1)m) and m|(q + 1); in Table 2, we assume that ai ≤ bi i = 1, 2,
(q−1)(m−1)−2 < a1+a2 < b1+b2, b1+b2 < q[1+(q−1)m]−1 and m|(q+1);
in Table 3, we suppose that 1 < t1 < t2 < 23.
Table 1: New quantum codes
New codes from Corollary 3.3 q m a b
[[27, 17, d ≥ 3]]
9
3 4 7 24
[[27, 15, d ≥ 4]]
9
3 4 8 23
[[27, 13, d ≥ 5]]
9
3 4 9 22
[[27, 11, d ≥ 6]]
9
3 4 10 21
[[27, 9, d ≥ 7]]
9
3 4 11 20
[[27, 7, d ≥ 8]]
9
3 4 12 19
[[27, 5, d ≥ 9]]
9
3 4 13 18
[[27, 3, d ≥ 10]]
9
3 4 14 17
[[27, 1, d ≥ 11]]
9
3 4 15 16
[[64, 48, d ≥ 3]]
16
4 5 13 61
[[64, 46, d ≥ 4]]
16
4 5 14 60
[[64, 44, d ≥ 5]]
16
4 5 15 59
[[64, 24, d ≥ 15]]
16
4 5 25 49
[[64, 4, d ≥ 25]]
16
4 5 35 39
[[64, 2, d ≥ 26]]
16
4 5 36 38
[[65, 53, d ≥ 3]]
25
5 3 9 62
[[65, 51, d ≥ 4]]
25
5 3 10 61
[[65, 49, d ≥ 5]]
25
5 3 11 60
[[65, 9, d ≥ 25]]
25
5 3 31 40
[[175, 153, d ≥ 3]]
49
7 4 19 172
[[175, 151, d ≥ 4]]
49
7 4 20 171
[[175, 149, d ≥ 5]]
49
7 4 21 170
[[175, 109, d ≥ 25]]
49
7 4 41 150
[[175, 31, d ≥ 64]]
49
7 4 80 111
[[175, 1, d ≥ 79]]
49
7 4 95 96
Recall that the parameters of an Q := [[n, k, d]]q quantum code satisfy the
inequality k + 2d ≤ n + 2. This inequality is called quantum Singleton bound
(QSB). The Singleton defect (SDQ) of a code is defined as SDQ = n+2−k−2d.
In this paper, we measure the performance of the code by means of the Singleton
defect. We adopt this method because, for large alphabets, it is difficult to find
codes over them: “... for large q, it is difficult to find explicit known codes to
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Table 2: New quantum codes
New codes from Corollary 3.5 q m a1 a2 b1 b2
[[26, 16, d ≥ 3]]
9
3 4 3 4 7 16
[[26, 14, d ≥ 4]]
9
3 4 3 5 7 15
[[26, 12, d ≥ 5]]
9
3 4 3 6 7 14
[[26, 4, d ≥ 9]]
9
3 4 3 10 7 10
[[26, 2, d ≥ 10]]
9
3 4 4 10 6 10
Table 3: New quantum codes
New codes from Corollary 3.9 q m t1 t2
[[46, 36, d ≥ 4]]
25
5 2 3 21
[[46, 32, d ≥ 6]]
25
5 2 4 20
[[46, 28, d ≥ 8]]
25
5 2 5 19
[[46, 4, d ≥ 20]]
25
5 2 11 13
compare with ours since there are no suitable tables for reference” (see page 3
of [11]).
The new [[26, 16, d ≥ 3]]
9
code is better than the [[26, 14, 3]]
9
code shown in
Ref. [6], because the Singleton defect of the new Q1 := [[26, 16, d ≥ 3]]9 code
is SDQ1 ≤ 6, whereas the Singleton defect of the Q2 := [[26, 14, 3]]9 code is
SDQ2 = 8. The new [[26, 14, d ≥ 4]]9 code with Singleton defect at most 8 is
better than the [[26, 4, 4]]
9
code shown in Ref. [6], which has Singleton defect 16.
The new quantum codes of length 46 have Singleton defect at most 4. Moreover,
all new quantum codes of lengths n = 26 and n = 27, exhibited in Table 1, have
Singleton defect at most 6.
Note that the new [[27, 3, d ≥ 10]]
9
, [[27, 5, d ≥ 9]]
9
, [[65, 9, d ≥ 25]]
25
and
[[175, 31, d ≥ 64]]
49
codes have large minimum distances when compared to their
code lengths.
The quantum codes shown in [11] were constructed over the field Fq2 , where
q is a power of 2, whereas in this paper, we construct quantum codes over Fq
for all prime power q. Great part of the codes available in [11] were constructed
over F8; this fact does not allow us to compare our codes with the ones shown
in [11].
The quantum codes exhibited in [21] were constructed over the fields F2,
F3, F4, F5, F8, F9. In the present paper, we give examples of quantum codes
constructed over F9, F16, F25, F49. The codes over F9 constructed in [21] are
[[15, 13, 2]]
9
, [[15, 7, 4]]
9
, [[15, 5, 5]]
9
, [[15, 1, 7]]
9
, [[243, 241, 2]]
9
, [[243, 219, 6]]
9
,
[[243, 213, 9]]
9
.
The new codes over F9 shown in Tables 1 and 2 are [[26, 16, d ≥ 3]]9, [[26, 14,
d ≥ 4]]9, [[26, 12, d ≥ 5]]9, [[26, 4, d ≥ 9]]9, [[26, 2, d ≥ 10]]9, [[27, 17, d ≥ 3]]9,
[[27, 15, d ≥ 4]]9, [[27, 13, d ≥ 5]]9, [[27, 11, d ≥ 6]]9, [[27, 9, d ≥ 7]]9, [[27, 7, d ≥
11
8]]9, [[27, 5, d ≥ 9]]9, [[27, 3, d ≥ 10]]9 and [[27, 1, d ≥ 11]]9. Since the parameters
among these codes are different, we do not perform the comparison.
5 Final Remarks
We have constructed several new families of quantum codes with good as well
as asymptotically good parameters. These new quantum codes have been ob-
tained by applying the CSS construction to classical algebraic geometry codes
constructed here. Many of these codes have large minimum distances when com-
pared with their code lengths. Additionally, they have relatively small Singleton
defects. Moreover, we have shown how to obtain sequences of asymptotically
good quantum codes derived from t-point AG codes. Therefore, the class of al-
gebraic geometry codes is a good source to construct quantum codes with good
or even asymptotically good parameters.
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